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Extensions of max flow problem



Some solved cases

? Vertex with capacity.

? Maximum flow in undirected graph.

? Multi-sources and multi-sinks1

1explained in the Application section
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Other cases

? Time related flow.

? Sink nodes with desired source nodes.
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Appplications of max flow - min

cut problem



7.  NETWORK FLOW II

‣ bipartite matching 

‣ disjoint paths 

‣ extensions to max flow 

‣ survey design 

‣ airline scheduling 

‣ image segmentation 

‣ project selection 

‣ baseball elimination
SECTION 7.5



Def. Given an undirected graph G = (V, E), subset of edges M ⊆ E  
is a matching if each node appears in at most one edge in M. 

 
Max matching.  Given a graph G, find a max-cardinality matching.

Matching
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Bipartite matching

Def.  A graph G is bipartite if the nodes can be partitioned into two subsets 

L and R such that every edge connects a node in L with a node in R. 
 
Bipartite matching.  Given a bipartite graph G = (L ∪ R, E), find a max-

cardinality matching.
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Bipartite matching:  max-flow formulation

独Create digraph Gʹ = (L ∪ R ∪ {s, t},  E ʹ ). 

独Direct all edges from L to R, and assign infinite (or unit) capacity. 

独Add unit-capacity edges from s to each node in L. 

独Add unit-capacity edges from each node in R to t.
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Nonbipartite matching

Problem.  Given an undirected graph, find a max-cardinality matching. 

独Structure of nonbipartite graphs is more complicated. 

独But well understood.   [Tutte–Berge formula, Edmonds–Galai] 

独Blossom algorithm:  O(n4).  [Edmonds 1965] 

独Best known:  O(m n1/2).   [Micali–Vazirani 1980, Vazirani 1994]
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PATHS, TREES, AND FLOWERS 

JACK EDMONDS 

1. Introduction. A graph G for purposes here is a finite set of elements 
called vertices and a finite set of elements called edges such that each edge 
meets exactly two vertices, called the end-points of the edge. An edge is said 
to join its end-points. 

A matching in G is a subset of its edges such that no two meet the same 
vertex. We describe an efficient algorithm for finding in a given graph a match-
ing of maximum cardinality. This problem was posed and partly solved by 
C. Berge; see Sections 3.7 and 3.8. 

Maximum matching is an aspect of a topic, treated in books on graph 
theory, which has developed during the last 75 years through the work of 
about a dozen authors. In particular, W. T. Tutte (8) characterized graphs 
which do not contain a perfect matching, or 1-factor as he calls it—that is a 
set of edges with exactly one member meeting each vertex. His theorem 
prompted attempts at finding an efficient construction for perfect matchings. 

This and our two subsequent papers will be closely related to other work on 
the topic. Most of the known theorems follow nicely from our treatment, 
though for the most part they are not treated explicitly. Our treatment is 
independent and so no background reading is necessary. 

Section 2 is a philosophical digression on the meaning of "efficient algorithm." 
Section 3 discusses ideas of Berge, Norman, and Rabin with a new proof of 
Berge's theorem. Section 4 presents the bulk of the matching algorithm. 
Section 7 discusses some refinements of it. 

There is an extensive combinatorial-linear theory related on the one hand 
to matchings in bipartite graphs and on the other hand to linear programming. 
It is surveyed, from different viewpoints, by Ford and Fulkerson in (5) and 
by A. J. Hoffman in (6). They mention the problem of extending this relation-
ship to non-bipartite graphs. Section 5 does this, or at least begins to do it. 
There, the Kônig theorem is generalized to a matching-duality theorem for 
arbitrary graphs. This theorem immediately suggests a polyhedron which in a 
subsequent paper (4) is shown to be the convex hull of the vectors associated 
with the matchings in a graph. 

Maximum matching in non-bipartite graphs is at present unusual among 
combinatorial extremum problems in that it is very tractable and yet not of 
the "unimodular" type described in (5 and 6). 
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1. I n t r o d u c t i o n  

Finding a maximum matching in a graph is a classical problem in the study 
of algorithms. In this paper we present new algorithmically relevant combinatorial 
structure of matchings. This structure yields the first proof of correctness of the 
general graph matching algorithm of Mieali and Vazirani [14]; this is currently the 
most efficient known matching algorithm. 

Berge's theorem [2], which says that  matching M in graph G is a maximum 
matching if and only if there are no augmenting paths w.r.t, it, gives an iterative 
schema for finding a maximum matching in G, i.e. successively find augmenting 
paths. Finding augmenting paths is fairly easy in bipartite graphs; however, not 
so in general graphs (see [13] for a detailed history of the problem). The first 
polynomial time algorithm (o(rvI4)) for general graph matching was given by 
Edmonds [4]. In this paper, Edmonds introduced the notion of blossom (an odd 
length alternating cycle), and showed that  by "shrinking" blossoms, one can find 
augmenting path efficiently. In this seminal paper, Edmonds also introduced the 
notion of a polynomial time algorithm. 

Over the years, faster implementations of Edmonds' algorithm were given by 
several authors, including Whitzgall and Zahn [16], Balinski [1], Gabow [6], Lawler 
[12], and Kameda and Munro [10]. In 1972, Hopcroft and Karp [9] proposed finding 
augmenting paths in phases; in each phase a maximal set of disjoint minimum length 
augmenting paths is found. They showed that  only O ( v / ~ )  phases are needed, 
as opposed to O(IV]) iterations in the previously-mentioned schema. They also 
presented an O(IEI)  implementation of a phase in bipartite graphs, thereby giving 
an O(Iv/~llEi) matching algorithm for such graphs, and left the open problem of 

1 Partially supported by an NSF PYI Grant with matching funds from AT&; T Bell Labs at 
Cornell University 

AMS subject classification codes (1991): 05 C 70, 05 C 85 



7.  NETWORK FLOW II

‣ bipartite matching 

‣ disjoint paths 

‣ extensions to max flow 

‣ survey design 

‣ airline scheduling 

‣ image segmentation 

‣ project selection 

‣ baseball elimination
SECTION 7.6



Edge-disjoint paths

Def.  Two paths are edge-disjoint if they have no edge in common. 

 
Edge-disjoint paths problem.  Given a digraph G = (V, E) and two nodes  
s and t, find the max number of edge-disjoint s↝t paths. 

 
Ex.  Communication networks.
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Def.  Two paths are edge-disjoint if they have no edge in common. 

 
Edge-disjoint paths problem.  Given a digraph G = (V, E) and two nodes  
s and t, find the max number of edge-disjoint s↝t paths. 

 
Ex.  Communication networks.

digraph G
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 
Theorem.  Max number of edge-disjoint s↝t paths = value of max flow. 

Pf.   ≤  

独Suppose there are k edge-disjoint s↝t paths P1, …, Pk. 

独Set f (e) = 1 if e participates in some path Pj ;  else set f (e) = 0. 

独Since paths are edge-disjoint, f is a flow of value k.   ▪
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Edge-disjoint paths

Max-flow formulation.  Assign unit capacity to every edge. 

 
Theorem.  Max number of edge-disjoint s↝t paths = value of max flow. 

Pf.   ≥  

独Suppose max flow value is k. 

独Integrality theorem  ⇒  there exists 0–1 flow f of value k. 

独Consider edge (s, u) with f(s, u) = 1. 
- by flow conservation, there exists an edge (u, v) with f(u, v) = 1 
- continue until reach t, always choosing a new edge 

独Produces k (not necessarily simple) edge-disjoint paths.   ▪
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Network connectivity

Def.  A set of edges F ⊆ E disconnects t from s if every s↝t path uses  
at least one edge in F.  

 
Network connectivity.  Given a digraph G = (V, E) and two nodes s and t,  
find min number of edges whose removal disconnects t from s.
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Menger’s theorem

Theorem.  [Menger 1927]  The max number of edge-disjoint s↝t paths 
equals the min number of edges whose removal disconnects t from s. 
 
Pf.  ≤  

独Suppose the removal of F ⊆ E disconnects t from s, and ⎟ F⎟ = k. 
独Every s↝t path uses at least one edge in F. 

独Hence, the number of edge-disjoint paths is ≤  k.  ▪
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Menger’s theorem

Theorem.  [Menger 1927]  The max number of edge-disjoint s↝t paths 
equals the min number of edges whose removal disconnects t from s. 
 
Pf.  ≥ 

独Suppose max number of edge-disjoint paths is k. 

独Then value of max flow =  k. 

独Max-flow min-cut theorem  ⇒  there exists a cut (A, B) of capacity k. 

独Let F be set of edges going from A to B. 

独⎟ F⎟ = k and disconnects t from s.   ▪
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7.  NETWORK FLOW II

‣ bipartite matching 

‣ disjoint paths 

‣ extensions to max flow 

‣ survey design 

‣ airline scheduling 

‣ image segmentation 

‣ project selection 

‣ baseball elimination
SECTION 7.7



Network flow II:  quiz 4

Which extensions to max flow can be easily modeled?  

A. Multiple sources and multiple sinks.

B. Undirected graphs.

C. Lower bounds on edge flows.

D. All of the above.
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Multiple sources and sinks

Def.  Given a digraph G = (V, E) with edge capacities c(e) ≥ 0 and multiple 

source nodes and multiple sink nodes, find max flow that can be sent  
from the source nodes to the sink nodes.
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Multiple sources and sinks:  max-flow formulation

独Add a new source node s and sink node t. 

独For each original source node si add edge (s, si) with capacity ∞. 

独For each original sink node tj, add edge (tj, t) with capacity ∞. 

 
Claim.  1–1 correspondence betweens flows in G and Gʹ.
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Circulation with supplies and demands

Def.  Given a digraph G = (V, E) with edge capacities c(e) ≥ 0 and 
node demands d(v), a circulation is a function f(e) that satisfies: 

独For each e ∈ E: 0   ≤   f (e)   ≤   c(e) (capacity) 

独For each v ∈ V:           (flow conservation)
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Circulation with supplies and demands:  max-flow formulation

独Add new source s and sink t. 

独For each v with d(v) < 0, add edge (s, v) with capacity −d(v). 

独For each v with d(v) > 0, add edge (v, t) with capacity   d(v). 
 
Claim.  G has circulation iff G ʹ has max flow of value D =
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Circulation with supplies and demands

Integrality theorem.  If all capacities and demands are integers, and there 

exists a circulation, then there exists one that is integer-valued. 

 
Pf.  Follows from max-flow formulation + integrality theorem for max flow. 

 
 
 
Theorem.  Given (V, E, c, d), there does not exist a circulation iff there exists 

a node partition (A, B) such that Σv ∈ B d(v)  >  cap(A, B). 
 
Pf sketch.  Look at min cut in G ʹ.
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Def.  Given a digraph G = (V, E) with edge capacities c(e) ≥ 0, lower bounds 

�(e) ≥ 0, and node demands d(v), a circulation f(e) is a function that satisfies: 

独For each e ∈ E :  �(e)   ≤   f (e)   ≤   c(e)       (capacity) 

独For each v ∈ V :              (flow conservation) 

 
 
Circulation problem with lower bounds.  Given (V, E, �, c, d), does  
there exist a feasible circulation?

�
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f(e) = d(v)
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Circulation with supplies, demands, and lower bounds
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Circulation with supplies, demands, and lower bounds

Max-flow formulation.  Model lower bounds as circulation with demands. 

独Send �(e) units of flow along edge e. 

独Update demands of both endpoints. 

 
 
 
 
 
 
 
Theorem.  There exists a circulation in G iff there exists a circulation in Gʹ.  
Moreover, if all demands, capacities, and lower bounds in G are integers,  
then there exists a circulation in G that is integer-valued. 

 
Pf sketch.  f (e) is a circulation in G iff f ʹ(e) = f (e) – �(e) is a circulation in Gʹ.
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7.  NETWORK FLOW II

‣ bipartite matching 

‣ disjoint paths 

‣ extensions to max flow 

‣ survey design 

‣ airline scheduling 

‣ image segmentation 

‣ project selection 

‣ baseball elimination
SECTION 7.10



Image segmentation

Image segmentation. 

独Divide image into coherent regions. 

独Central problem in image processing. 

 
Ex.  Separate human and robot from background scene.
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Image segmentation

Foreground / background segmentation. 

独Label each pixel in picture as belonging to 
foreground or background. 

独V = set of pixels, E = pairs of neighboring pixels. 

独ai  ≥  0 is likelihood pixel i in foreground. 

独bi  ≥  0 is likelihood pixel i in background. 

独pij ≥  0 is separation penalty for labeling one of i 
and j as foreground, and the other as background. 

 
Goals. 

独Accuracy:  if ai  > bi in isolation, prefer to label i in foreground. 

独Smoothness: if many neighbors of i are labeled foreground,  
we should be inclined to label i as foreground. 

独Find partition (A, B) that maximizes:  
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Formulate as min-cut problem. 

独Maximization. 

独No source or sink. 

独Undirected graph. 

 
Turn into minimization problem. 

独Maximizing 
 

独is equivalent to minimizing 
 
 
 

独or alternatively

Image segmentation
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Image segmentation

Formulate as min-cut problem G ʹ = (V ʹ, E ʹ). 

独Include node for each pixel. 

独Use two antiparallel edges instead of 
undirected edge.  

独Add source s to correspond to foreground. 

独Add sink t to correspond to background.
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Image segmentation

Consider min cut (A, B) in G ʹ. 

独 A = foreground. 
 
 

独Precisely the quantity we want to minimize.
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Real coding



Spyder
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